Abstract. Sturm [13] obtained the bounds for the number of the first Fourier coefficients of elliptic modular form f to determine vanishing of f modulo a prime p. In this paper, we study analogues of Sturm's bound for Siegel modular forms of genus 2. We show the resulting bound is sharp. As an application, we study congruences involving Atkin's U (p)-operator for the Fourier coefficients of Siegel mdoular forms of genus 2.
Introduction and Statement of Main Results
Despite of a vast research result related to congruence properties of Fourier coefficients of elliptic modular forms it is surprising to know a very little result are available about congruence properties of Siegel modular forms of higher genus.
In this paper, we consider congruence properties for the Fourier coefficients of Siegel modular forms of genus 2. This is an application of Sturm's formula: let f = [Γ(1) : Γ], then a f (n) ≡ 0 (mod β) for every n ≥ 0. This formula is called as Sturm's formula. In fact, Sturm's formula implies that f is determined modulo β by the first k 12
[Γ(1) : Γ] coefficients. Using the ring structure of weak Jacobi forms, the first two authors in [4] derived the Sturm's formula in the case of Jacobi forms.
Our first main Theorem 1.1 states an analogous result of Sturm's formula in the space of Siegel modular forms of genus 2. Note that Poor and Yuen in [11] gave a result in this direction which is more general, but different (see Remark 1.2-(2)). Our result was obtained independently. Let Γ 2 be the full Siegel modular group Γ 2 = Sp 2 (Z) and Γ be a congruence subgroup of Γ 2 with level N. Let M 2 (Γ) be the space of Siegel modular forms of weight k on Γ and let S k (Γ) denote the space of cusp forms in M k (Γ). In the following theorem, we obtain analogues of Sturm's formula for Siegel modular form of genus 2. Theorem 1.1. Let k be an even positive integer. Suppose that p ≥ 5 is a prime and that F ∈ M k (Γ) with p-integral rational coefficients such that
A(n, r, m)q n ξ r q ′m , with q = e 2πiτ , ξ = e 2πiz , q ′ = e 2πiτ ′ . If A(n, r, m) ≡ 0 (mod p) for every n, m such that
(1) The above bounds in Theorem 1.1 are sharp for the case that the level is one, and this will be discussed in section 3.1. (2) The results of Poor and Yuen in [11] are stated in term of the dyadic trace. For example, when the level is one, their results implies the following:
We apply Theorem 1.1 to study congruences involving an analogue of Atkin's U(p)-operator. For elliptic modular forms congruences, involving Atkin's U(p)-operator were studied with important applications in the context of traces of singular moduli and class equations (see Ahlgren and Ono [1] , Elkies, Ono, and Yang [6] , and chapter 7 of Ono [10] ). Recently analogues of the results for Siegel modular forms were studied in [5] . Using Theorem 1.1, we improve the result in [5] .
Before stating main theorem we set up the notation:
where Z (p) := Z p ∩ Q denotes the local ring of p-integral rational numbers. For Siegel modular forms with p-integral rational coefficients, we define their filtrations modulo p by
, which acts on Fourier expansions of Siegel modular forms as
A(n, r, m)q n ξ r q ′m be a Siegel modular form of degree 2, even weight k, level 1, and with p-integral rational coefficients, where p > k is a prime. Let
be the analog of Atkin's U-operator for Siegel modular forms. If p > 2k − 5 and
Proofs of main theorems
Let E
4 , E
6 , χ 10 , and χ 12 denote the usual generators (see [7] ) of M k (Γ 2 ) of weights 4, 6, 10, and 12, respectively, where E 4 and E (2) 6 are normalized by a ( 0 0 0 0 ) = 1) and where the cusp forms χ 10 and χ 12 are normalized by a ( 2 1 1 2 ) = 1. Let p be a prime. Nagaoka [8] , and Böcherer and Nagaoka [2] investigate Siegel modular forms modulo p.
Consider the Witt operator W :
For example, note that(see [8] )
Lemma 2.1 (Corollary 4.2 in [8] ). Let p be a prime number. If
We recall the Sturm's formula for Jacobi forms [4] .
Lemma 2.2 (Theorem 1.3 in [4] ). Suppose that k is even and
Here J k,m (Γ) denotes the space of Jacobi forms of weight k and index m. Let β denote a prime ideal of O L over a prime p ≥ 5. If
a(n, r)ζ
With the above lemmata, we prove Theorem 1.1 for the case that level is 1.
Proposition 2.3. Suppose that Γ = Γ 2 . Then Theorem 1.1 is true.
Proof. Suppose that A(n, r, m) ≡ 0 (mod p) for every n, m such that 0 ≤ n ≤ k, Lemma 2.2 implies that φ m ≡ 0 (mod p). Thus, we have that
Let W (F ) be the Witt operator defined as
Then we have
where f α is a modular form of weight k on SL 2 (Z). From the ring structure of modular forms on SL 2 (Z), we have
Note that the q-expansion of ∆(τ
ans that j and t are uniquely determined by choosing a value of i. Thus, Sturm's formula
, then f (i) (τ ) ≡ 0 (mod p). Since 12i + 4j + 6t = k, we have W (F ) ≡ 0 (mod p). Let χ 10 be the unique (normalized by a ( 2 1 1 2 ) = 1) Siegel cusp form of degree 2 and weight 10. From Lemma 2.1 we have
where F (1) (Z) is a Siegel modular form of weight k − 10 and genus 2.
m (τ, z)e 2πimτ ′ be the Fourier-Jacobi expansion of F (1) . Note that χ 10 (Z) has the form of the Fourier-Jacobi expansion
. Thus, we have that for every m, 0 ≤ m ≤ 1 10
Note that
. Thus, following the previous argument, we have
where F (2) (Z) is a Siegel modular form of weight k − 20 and genus 2.
Repeating this argument, we have
m (τ, z)e 2πimτ ′ be the FourierJacobi expansion of F (t 0 ) . Since
Moreover, the weight of F (t 0 ) is less than 8, and dim C M k (Γ 2 ) ≤ 1 for k ≤ 10. Thus, we have
10 F (t 0 ) (mod p), this completes the proof.
For a subring R ⊂ C, we denote by M k (Γ) R the space of all of f ∈ M k (Γ) whose Fourier coefficients are in R. Let p be a prime. We denote by v p the normalized additive valuation on Q (i.e. v p (p) = 1). For a Siegel modular form F (τ, z, τ ′ ) = n,r,m∈
. Then we define an order of F by
Following the similar argument of Sturm in [13] , we complete the remained part of proof. ki. We decompose Γ 2 as Γ 2 = ∪ i j=1 Γγ j , where
The fact that all Fourier coefficients of Ψ are in Q(µ N ) is according to Shimura's result [12] . We take a constant λ ∈ Q(µ N ) such that at least one of the non-zero Fourier coefficients of λ 
where σ runs over all elements of Gal(Q(µ N )/Q) and f σ is defined by taking action of σ on each Fourier coefficient of f when f ∈ M k (Γ) Q(µ N ) . Then we have Φ ∈ M ki (Γ 2 ) Q . This modularity follows from Sturm's result [14] , p.344. It follows from the choice of λ that Φ = 0. Hence we can take a suitable constant C ∈ Q such that
ki. Thus, we have by Proposition 2.3
This implies
The second part is finite and hence we have ord p (F ) = ∞, namely F ≡ 0 mod p. This completes the proof of Theorem 1.1.
Proof of Theorem 1.3. By Theorem 1 in [5] , it is enough to show that if A(n, r, m) ≡ 0 (mod p) for every (n, r, m) such that p ∤ nm, then F ≡ 0 (mod p). To prove it consider the Fourier-Jacobi expansion of
Suppose that A(n, r, m) ≡ 0 (mod p) for every (n, r, m) such that p ∤ nm. If m < p and n < p, then A(n, r, m) ≡ 0 (mod p). Note that 1 10 k < p. By Theorem 1.1 we complete the proof. ≡ G 12 ≡ −χ 12 (mod 11). This completes the proof of (1).
Remark 3.3. In [3] , Böcherer-Nagaoka expected that for each F 2 ∈ M 2 (Γ (2) 0 (p)) Z (p) , there exists a G p+1 ∈ M p+1 (Γ 2 ) Z (p) such that F 2 ≡ G p+1 (mod p) and studied it.
